() e

;9. PRIMITIVES AND KUNDAMENTAL Tiifionen«

Dcﬁnitinn (Primitive) : Let f: [q, b]

funct

- = R be a g )
on F: [a, b] = R is said to be pr a4 given function, A

At : primitive ¢ Sl
o [a, b] if F 1s continuous on [q b, diff T antiderivative of
fon [d y D], crentiable on (4, b) and

.‘.' F( y) = f(\). b o — ((I, b)

U\ e,
" The function F defined =l |
The function efined by F(x) Ia ft)dt (x € [a, b]) is called the

definite integral of £ on [a, b].

For example, log, x (x € [1, 2]) s the primitive of 1 on 1, 2]
= on [1, 2]

. X dt : : i 2
The integral L ‘—[— (x € [1, 2]) is the indefinite integral of tl on [1, 2].

Remark : One may be temptf:d"""to'j'ump into the conclusions :
(i) if f is integrable on [a, b]then it has a primitive on [a, 5],
(i1) if f has a primiti'ye;'qq‘,c [d,'ii’b]ﬁ.xthén;ﬁ?-ﬁ"ﬁigifin'tegrable.on. [a, b].

The following two examples show that such conclusions are false.
Example 5.9.1. Let f : [0, 2] — R be a function defined by
flx)=2x," O s rel 3
=x2 1<x<2
Show that f has no primitive although £'is integrable on [0, 2].

Solution : The function fis continuous on [0, 2] except at the point x =
| Hence fis integrable on [0, 2]. f has a jump d&o‘"t'“u"y at x = 1,
since f(1 + 0) # f(1 — 0). As we know that derivative of a_fur}ftlf-;;l
‘4ssuming its existence) can not have points of jump QISCOHUHUIO)/ i
s domain, it follows that there does not exist a function F 21]11 [[O, ;]
SUch that [;"(x) = fix), x € (0, 2)k Hence f has no primitive on [U, =

al . A
“Mhough it is integrable there.
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Example 59.2. Let f: [= 1, 1] = R be g {

e 3 e
= 2x Sin— - —= ¢os
i) = 2x sin— - 5
and f(0) = 0.
Show that f has primitive in [- 1, 1] but f ¢
Solution : Since lirr%J f(x) is infinite, 0 is a point of
=
of fin [~ 1, 1] and hence f is unbounded on [~ |
Thus f is not integrable on [- 1, I].
If we define a function F on [~ 1, 1] by

gl il

F(x) = x smx3, x#0

= 0 x =l

then Bi(y)i= 2% sini - % CoOS—,

22

=) s
"0) = 1im EBY=F©) _ .. "7 . ] s . (58
[E(0) = = hl%hsm e 0 as sm}ﬁ_;

any deleted neigbourhood of origin].

Thus F is differentiable‘everywhere on [- 1, 1] and
x € [- 1, 1]. Therefore F is a primitive of fon [~ I, 1] alth
integrable there. :

Note : If F be a primitive of f on [a, b] then for any ]
is also a primitive of f on [a, b]. Thus primitive of f, if e
unique, -

Theorem 5.9.1.

Let f: [a, b] » R be integrable on [g, b] and F(x) =
x € [a, b]. Then

(1) F is continuous on [a, b],

(i1) F is of bounded variation on [a, b).

fr'
a

Proof. (i) Let ¢ be any point_ of [a, b]. Then for any x e [a,

(x > C or xﬁ |
F(x) - F(c) = j:f(:)d: = j: fWar = [*rwyar . 3 o

Since f is R-integrable on [a, b], it is bounded o

N [a, b). Hence
there exists a positive real number A such that .
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DI < A for z € [a, b] .. ()
Then for x > ¢, we have from (1)

b F(x) - F(Ol = [ i < [[lfmlar < A= o) by @)

v % ; "
for x < c. [F0) — @)l = |[[ f(oyar] = | Jof i} < Ac=x) [by )
Hence, |F(x) — F(c)| < A |x - c| for all x € [a, b] ... (3)
Let € be any positive number. Then for this chosen g, there exists
Sitive 5: -‘g— SUCh that

|E(x) - F(e)| < € whenever [x — ¢|< & [from (3)]

— F is continuous at ¢.
Since ¢ is arbitrary point of [a, b], F is continuous on [a, b].

emark : S
niformly continuous on [a, b].

x,} € Pla, b].

ince & is indepedent of ¢, so we can conclude that F is

(i1) Let P = {xgs X|s X0 w00

For every r = 1, 2, ...n

X
< [ 1ol < A= )

IF(x,) - F(x,_)l = ‘ Jor fud

Thus V(P, F) = {z: |E(x,) — ECx,_PI< A(b - a) forevery P € P[a, b]
r=1

a, b]} £ A - a)

bounded above which proves

(See the chapter on bounded

P = Sup{V(P,F):Pe€ P?[
' _, total variation of F on [a, b] 18
t F is of bounded variation on [a. b].
flation.)

Pheorem 5.9.2. (Indefinite
et f: [a, b] — R be continuous Of [a, b]
2. b] and = F(3) =

Integral Theorem)
X
and F(x) = L fedt,

f(x),

'€ [a, b]. Then F is differentiable on [

< [a, b] Vool e T

i i at ¢,
Proof. Let ¢ € [a, b]. Since fis contmuousg
If(t) — ﬂc)l < 2

Te exists a positive & such that

a, b) ..(1).
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Let / be any real number such that 0 < |A| < §ang ¢ _>
g
Then [a’b]

F(c + h) - F(c) = J‘:+hf(1‘)([f —J-:f(f)(ll = J.:.+hf([)dt

= FetW-F© _ ) = L[ (ft0) - e

h
F(c+h)—-F(c) I
If 5> O then T T Gl If(t)—f(c)ldtsfg-<E
[by (1)
, F(c+h)—F(c)
and if h < 0 then ‘ - - fle)] £ = | f(t) = fc)dt

< 5 < e[by (1)

Hence for 0 < |h] < d,c+hela, b]

F(c+h - F(c)
2 =~ £(e)

<€ = lim F(C+h) F(e) L = fl¢)

h—0

= F'(¢) exists and = fl¢).

a, b, it is proved that F’(x) exists fOf J
X elar b

As ¢ is any point of |
X € [a b] and F’ (x) = f(x),
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corem 5.9.3. (Fundamental Theorem of Integral Calculus)

ff:[a, b] = R is integrable on [a, b] and @ 1s a primitive of f on

[a, b] i.e. ¢'(x) = f(x) for all x € [a, b] then J;[l’f(x) dx = p(b) — @(a).

Proof. Let P = {xy, x|, x5, ..., x,} be a partition of [a, b] and
=[x,_, x,] (r =1, 2, ..., n) be n sub intervals of la, b]. Since f is
itegrable on [a, b], it is bounded on [a, b].

Let M, = Sup{f(x) : x €I}, m, = Inf{fix) : x € WPt 127 ny.

' Since @ is a primitive of f on [a, b], ¢ is continuous and
ifferentiable on [a, b] and @'(x) = f(x), x € [a, b].

Then by Lagrange’s Mean Value Theorem applied on ¢ in
X1» x,] for r = 1, 2, ..., n we have
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p(x,) — @x,_) = @o'(£) (x, — x,_) for some & e (x
= fliey L] (F="1, 2, sy T

Since m, < fi¢,) <M, (r = 15 2§ 435 M)

hence L(P, ) < 3 f(&) LI < UP, f)

=l

r—Js

5 LP. ) € 2[0() - 9, < UP, £)

= L(P, f) < p(b) - p(a) < UP, /).
Taking limit || P || = O and using Darboux’s Theorem y

[© fdx < pb) - p(@) < [ fioyds.

expression of f is
fl);=.0, 1.0 < %<1
X (hiSix <2
=2x, 2<x<3

= - X

Il
W
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_'TIVE DEFINITION OF RIEMANN INTEGRAL

Let £ : [a, b] — R be a function and P =
tion of [a, b]. g

] a'md |1 =% =Xy el il s {6 & i
of intermediate points c(r=1,2, .., n). Then

|L] is a real number depending on P and I" which
S, T, .

L > :
= ) f({,’,) ILI is defined as Riemann sum of f for the

'51, b] and collection T of intermediate points & (r =
1 [a, b]. E’s (r=1,2, .., n) are also called tags of I,

s a collection and not necessarily a set, since choice of
u that &, &, ..., &, are not always distinct.

A function f: [a, b] > R is said to be Riemann
[a, b] if there exists a real number ‘I’ such that for
of positive number & there exists a positive number

-
I'

: ISR, T, H)-1ll<¢€
ons P € ?[a, b] with ||P|| < &, where S(P, T, f) is the
2 of £ for a partition P of [a, b] and for any choice of
points of [a, b] included in T".
emann Integrable on [4, by if lim  SP. T, f) exists
£

(b ;

-' = B uli )-
Ia glx)dx u}!lll-nelo (

ny real number given by ||P]| there exi:st infinitely
s P of [a, b] and hence S, T, f)isnota single valued
| So 't'hrc:"':'éboire concept of limit is not covered by the
e =

S( , f) is a real valued function whose domain 13

en P}.

the set

b I corresponds t0 giv

'lowing theorem establishes the equivalence of two

f; foxrde

Scanned by CamScanner



where S(P, T, f) is the Rieman
P of [a, b] and T, the col

corresponding to P. e

Proof. Let jﬁ f(x)dx = -J:z

Let P = {xq X (s Xy wontsliAS
I, = [x,_;, x,] and 1Ll = x, - X
Let I' = {&}, &,, ..., &,) where

Riemann sum function for f and

Now m, < i) < M, (r'= 15250 A
= L(P, f) <SP, T, ) < U(P, f) for ew

i e . '
L‘ SIS pie=E 1) = G, SB, T, f )f

b ; 2
= [, fdx < lim S®, T, f) < ['fde

- - . b 5 I
= “gﬁEOS(P, I, ) exists and = Lﬂx)d{cf. |
Conversely, let lim S(P, T, f) exist

IPI—0 ;
Let P = {xp, x, .., x,} € [a, b], I = [

IL1=x ~x_; M, and m_ are respectivélj‘j
of f on Toa(risa] S0 n). S

From definition of Supremum, for any ch
there exists a point ¢ e [, such that :

M - £ cfE) M, (r=

b-q

1
[
~
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il Ban i I |

v = | G]» S ‘)::,’,} then we have
1
0 < ;liM,. - RPN ]88

0 < U, ) = S(B, L& Fli< &)

rking limit |P]| = O in the inequality (2) and us;i

»m WE hil\'C
pOICH
the?

ng Darbouy’s

" \)dx — | £ &.

Qince & is arbitrary, we have IZ fix)dx = |,

rrom definition of Infimum, for any chosen positive number & there
ists a point ¢, €1, such that

. £ £
m, < g ) < m, + i (ri= Loay. )

= 0<AE) - mis i (ni=ill 20 i)

= 0 <SP, T, f) — LB ) =)

there [ = {f{: é,,;.’,’}

Taking limit ||P]] = O in the equality (3) and using Darboux’s
gorem we have

b
P.< ) = Llf(x)dx < £,
Since ¢ is arbitrary, | f, fix)dx = 1.
T
Hence it is proved that IZf(x)dx T J; fleydx.
5 i . Integral.
This establishes equivalence of two definitions of Riemann nfeg

3 : xists uniquely.
Note : If f € ® [a, b] then lIFl'IlI—rEOS(P’ b.f)e

Theorem 5.10.2

JAV. . ) a se uence
Let f . la, b] — R be a bounded function and {1;;; hﬂ} bzonvé?ges t0
Of partitions of [a, b] such that the Sequenc.e 1|-|n:S(nP T, f) exists
0. Then f is integrable on [a, b] if and only if hast i - ff

' um ©

| .« the Riemann 3
Nd is equal (o j’:f'(x)dx, where S, I ik b]
fo s

: ints of [
; . ermediate PO

c 'Pe o, b] and collection I of e

esponding to P.
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Proof. Let f be integrable on [a, b]. Then for ap
number & there exists a positive number O such that

U@, f) - L(P; ) <&
for every partition P of [a, b] satisfying IIP]] < &.

Since {P,}, is a sequence of partitions of [a
sequence {|[[P, ||} converges to 0, so there exists a
(depending on 5) such that |[P,|| < & for all n = m.

So UP,, f) - L(P,, f) < & for all .2 m.

For every P, € 2 [a, b] we have
L(P,, f) < S(P,, ', /) = U(P,, f)

where S(P,, T', f) is the Riemann sum function of f.-
Since f is integrable on [a, D], for every P, € P
L(P,. f) £ J flxydx < UP,, f)
From (1) and (2), we have
S®,, T, f) - [ fwyds| < U, ) = LAP,, ) < €

= lim S(P,, T, f) exists and = I:f(x)dx.

n—»o0 :
Conversely, let lim S(P,, T, f) exists and =11 1%
11—

for every partition P, of [a, b] such that [[P,|| — 0 as
Then for any positive number £ there exists a naf

such that .

|S(P,, T, f) = I| <  for all n 2 m.

Let ||P, |l = 6" > 0. Since Ilm ||P [l =50 there e

number k such that ||P, || < 6’ for all n=>k Let g= . ma

Then IS(Pn, I, f) - l| < Z for all n = gq.

This implies that [S(P,, T, ) - /| < & for all part

[a, b] satisfying [P || < &”.
Let P’ € 2 [a, b] such that 1P|l < 5’

Let P’ = {x, X, .., x,} and I, = [x,_;, x], II] = %
i
Let M, = Sup{fix) : x € L}, m, = Inf(f(x) : erM

(r
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’ 195
From properties of Supremum and Inf

; . imum of
~n £. there exist - a boy
> chosen g, | points a,, ,Br n I ¢ nded set, for

r Such thg
M, — Z(f:?(ﬁ <fla)sm

E me S RS s e

IfI, = 1y, Oy @y}, Iy = {’61’ ‘82’ s By}

’ : we have from (3)
U, 1) - Z <S(P’, Fl’f)SU(Pf, f) :

and L(pls Fs S(P’s Fz, s L(P', f) + LZ_

. € '
Since [ - v <SP, T, f<l+ % for any choice of intermediate

:>[_%<L(P’,f)SU(P’,f)<l+—§— i)

= U(P’, f) = L(P’, f) < € for any partition P’ of [a, b] satisfying
IP'|| < ¢, a sufficient condition of integrability.
Hence f is integrable on [a, b].

Also L(P’, f) £ J:f(x)dx < U(P’, f), so using(4),
£ b £
Beig [ fods < 1+ 5
v Ubf(,\')dx -l | < —‘Z— which holds for every posiFive E.

Hence | = | ?f(x)dx.

This completes the proof.

i = {,, for
Note. 1. If lim S(P,, T}, f) =/, and lim Sl () 7 6

: n—yoe iayh d [, # [, then
Iff : : i oints in T'; and LT R
erent choices of intermediate p 1 tegrable on [a, b].

. ' . 3
‘-TLS(P [, 1) does not exist and hence f 1s not 1

: the
: ular we can take

o A a, b], in partic :
2, If Pn_ {Xgs Xps soms xn} e Pl =X, = X, | as n —

Dlnts_of P, equispaced i.e., X; — X0 = *g el ;e;’ o Gl
_hen if for any choice of intermediate poInis g2 22

n S(P 2 —da ﬁ: 1 ol
. f i and 1S equal t
l“ ( n Lo ) = lim b : lf(é) ex1sts

=

o0 n—eo N

n?

then f
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